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Testing of Hypercube Functions:
Booleanity and Sparsity

g 522070910030

Abstract

This reading report explores the problem of property testing for functions defined on the hypercube,
focusing on spectral sparsity and Booleanity.

In the first part, we present the task of Testing Booleanity: determining whether a real-valued function
f +Z3 — R maps to {—1,1}, given its sparse discrete Fourier expansion. We show that functions with
sparse Fourier support must either be Boolean or far from Boolean. Its proof uses the Discrete Uncertainty
Principle, and an augmented version of this result relies on Hirschman’s entropic version of Heisenberg’s
Uncertainty Principle.

In the second part, we take a closer look at the sparsity of Boolean functions. Our proof relies on
random coset hashing and an analysis of a new truncation method for sparse Boolean functions.

Keywords: discrete Fourier analysis, property testing, Boolean functions

1 Introduction

One of the central goals of property testing is to understand the minimal conditions under which a property is
testable. Analyzing the Fourier spectrum to characterize the testability of function properties on the hypercube
is a natural approach. For example, in our class we studied linearity testing for Boolean functions, which leads
to the Blum-Luby—Rubinfeld linearity testing algorithm. In this reading report, we study property testing
problems for functions defined on the hypercube, focusing on properties such as sparsity and Booleanity.

In the first part, we aim to investigate whether a function f : Z5 — R is a Boolean function under the
assumption of a sparse Fourier expansion. The core of our proof is: f is Boolean if and only if the convolution
of f with itself equals the delta function, as we show below in Proposition 2.1. Equipped with this simple
characterization of Boolean functions, we apply the uncertainty principle to estimate the size of the support
of f2—1[GT12].

In the second part, we study the inverse problem of testing Booleanity: given a Boolean function, we test
its sparsity. The high-level idea is to hash Fourier coeflicients into random cosets to test whether the function
is low-dimensional [Fel+06]. However, this is not sufficient to conclude that sparsity holds. A common way
to obtain an s-sparse approximation is to keep the largest s Fourier coefficients and then take the sign, but
taking the sign may destroy the desired sparsity. Instead, we leverage a more structural analysis of sparse
Boolean functions and use a different truncation scheme to overcome this issue [Gop-+11].

2 Preliminary

2.1 The Fourier transform on hypercube

Every function defined on hypercube f : Z3 — R has a unique representation as
A def a.r n iz
fl@) =" fla)xa(x), where xo(z) = (1) = (=1)2=i= i, (1)
a€Zy

The functions x,/(+) are character functions. The Fourier coeflicients are given by
@) =Eyezg [f(¥)Xa(y)]- (2)

We write Spec(f) for the Fourier spectrum of f, i.e. the set supp(f) = {a € ZJ : f(a) # 0}. The sparsity of
fis sp(f) = [ Spec(f)|.
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We define 6 : Z3 — R by

5(z) = 1 Whenx'zo.
0 otherwise

Let 1(z) : Z% — R denote the constant function such that 1(x) = 1 for all x € Z%, then it is easy to verify that
1=4. 3)
Given functionsf, ¢ : Z3 — R, their convolution f * ¢ is also a function from Z% to R, which is defined by
[f = gl(x) = > fw)glx+y).
yeLy

We denote f) = f % f, and more generally f*) is the convolution of f with itself £ — 1 times. f(©) is taken
to equal 4, since f * & = f. The convolution theorem for ZJ states that, up to multiplying by a constant,
the Fourier transform of the pointwise product of two functions is equal to the convolution of their Fourier
transforms, and that likewise the Fourier transform of a convolution is the product of the Fourier transforms:

fg=1f*g and fxg=2"f-g. (4)

We say function f is Boolean if its image is contained in {—1, 1}. The following result can be directly derived
from Egs. (3) and (4) | , Proposition 3.1].

Proposition 2.1. f:Z% — R is Boolean iff fxf=4.

2.2 The discrete uncertainty principle

The discrete uncertainty principle for Z% is a straightforward consequence of harmonic analysis on finite
Abelian groups.

Theorem 2.2. for any non-zero function f : Z% — R (i.e., || f|| > 0) it holds that

|supp(f)| - | supp(f)| > 2. (5)

A stronger uncertainty principle can be derived from the information entropy inequality in [ The-

orem 23]. We define the entropy of a function f by

— Y f(z)*log f(x)?,

TELY

)

where logarithms are base two and 0log0 = 0.

Theorem 2.3. for any non-zero function f : Z% — R (i.e., || f|| > 0) it holds that

s .
H{||f||}+H[||f||1 = (6)
Ifll = /Zf
T €LY

A well-known fact that follows from the Kullback-Leibler divergence is H[f/| f]l] < log|supp(f/|fI)I-
Therefore, the following result is directly derived from this and Theorem 2.3.

Theorem 2.4. for any non-zero function f : Z% — R (i.e., ||f|| > 0) it holds that

where the Lo-norm is defined as

| supp(f)| - 27/ 11] > om, (7)

We note that for the proof of Theorem 3.2, we use Theorem 2.2, whereas for the more general case of
Theorem 3.4, we must use Theorem 2.4.
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2.3 Projection and hashing of the Fourier Spectrum

Definition 2.5. Given a subspace H < Z% and a coset r+ H, define the projection operator P,; g on function
f:Z5 — R as:

ﬁf(a):{f(a) ifacr+H

0 otherwise

We have P, g f = QL “Apyig* f, where Apy g = ZaET+H Xao = X * ZheH Xh-

With a simple fact ), . Xn = [H| - 151, we have:
Prrnf(@) = Eyens o () f(z + )] (8)
By applying Chernoff bound, we can empirically estimate the expectation in Eq. (8) | , Proposition 1].

Proposition 2.6. For any x € ZY, the value P, g f(x) can be estimated to within +7 with confidence 1 — ¢
using O(log(1/68)/72) queries to f.

Denote the Fourier weight of f on a set A by wt(A) =>4 f(a)?. Using Parseval’s identity, we have

Wt(T + H) = Z f(a)2 = EweZg‘ [Pr+Hf(w)2] = EwéZQ,Z/hZMEHi [Xr(yl)XT(y2)f(w + yl)f(w + yQ)] .
acr+H

Letting x = w + y; and z = y1 + yo2, we have | , Proposition 2J:
wi(r + H) = Eyezp cens o (2)f(2) f(z + 2)]

Proposition 2.7. The value wt(r+H) can be estimated to within + with confidence 1—6 using O(log(1/5)/7?)
queries to f.

We introduce pairwise independent hashing of the Fourier coefficients to generate a random coset structure.

Definition 2.8. For ¢t € N, we define a random ¢-dimensional coset structure (H,C) as follows: We choose
vectors f31,..., 0 € Z% independently and uniformly and set H = span{f,...,3:}*. For each b € Z} we
define the ”bucket”

C)={aeZ}: (B =b;Vi}.
We take C to be the multiset of C'(b)’s, which has cardinality 2¢.

Remark 2.9. Given such a random coset structure, if ;’s are linearly independent, then the buckets C(b)
are precisely the cosets in Z3 /H, and the coset-projection function Py () is defined as Definition 2.5. In the
(usually unlikely) case that the ;s are linearly dependent, then some of the C'(b) will be cosets in Z% /H and
the others will be empty. For the empty bucket C'(b), we define P ;) f to be 0. O

Next, we derive several properties of this random hashing structure | , Proposition 3].

Proposition 2.10. Let (H,C) be a random t-dimensional coset structure. Define random variable I, to be
the indicator for the event that o € C(b).

(a) For each a € Z3\{0} and each b € Z, we have Pg, .. s,[a € C(b)] =271
(b) Let o, € Z% be distinct. Then Pg, . g, o, belong to the same bucket] = 27,

(¢) Fixz any set S CZ% with |S| < s+ 1. Ift > 2logs + log(1/d) then except with probability at most §, all
vectors in S fall into different buckets.

(d) For each b, the collection of random variables (Io—sp)aczy s pairwise independent.
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Proof. Part a is because for any a # 0, each («, 3;) is an independent uniformly random bit. Part b is because
each (« — ¢/, ;) is an independent uniformly random bit, so that the probability that {(«, 8;) = (a/, §;) for
all i is 2%, Part ¢ comes from Part b by taking a bound that there are at most (8‘51) < 2 distinct pairs
in S. For part d, assume first that o # o’ are both nonzero. Then from the fact that o and o' are linearly
independent, then Pg,  g,[a, o’ € C(b)] =272 as required. On the other hand, if one of a # o is zero, then
Ps, ... g la, 0 € C(b)] =Pg,,..3,[a € C(b)|Ps,... 5 [a" € C(b)], which can be verified by checking the two cases
b=0and b#0. O

There is still something to be amended in Proposition 2.10(a) that a = 0 is always hashed to C(0). We
can easily handle this problem by renaming buckets with a random permutation.

Definition 2.11. In a random permuted t-dimensional coset structure, we additionally choose a random
z € Z% and rename C(b) by C(b + 2).

Proposition 2.12. For a random permuted t-dimensional coset structure, Proposition 2.10 still holds, with
Proposition 2.10(a) even holding for a = 0.

2.4 Analysis of s-sparse functions

In this part, we present theorems about close-to-sparse Boolean functions, which are crucial to s-sparsity
testing.

Definition 2.13. Let By = {a1,..., a5} denote the s-largest Fourier coefficients of f, and let Sy = By be its
complement. We say that f is u-close to s-sparse if

> fl@)? <p?

aGSf

Definition 2.14. We say a rational number is k-granular if it is of the form (integer)/2¥. We say a function
f is k-granular if f(«) is k-granular for every a. We say a number v is p-close to k-granular if v — j/2%| < u
for some integer j.

The following theorem is key to establishing the completeness of the s-sparsity test; it states that for
any function that is close to being sparse, all large Fourier coeflicients are close to being granular [ ,
Theorem 1].

Theorem 2.15. If Boolean function f is p-close to s-sparse, then each f(a) for a € By is %—close to

[log s]-granular.

Proof. Let t = [logs] + 1 and construct a random permuted ¢-dimensional coset structure (H,C). We have
Pogyf(x) = Y fl@)xa(2).

aeC(b)

Select any a; € By. We will show that there exists a choice of 31,..., 3; and b, such that the following two
events happen together with non-zero probability:

1. «; is the unique coefficient in By N C(b),
2. wt(SyNC(b) < p?/s.

It is easy to say that Pg, 5[ € C(b)] = 2% Let us condition on this event. Because of pairwise
independence, for any j # i, Pg, .. g, [0; € C(b)|e; € C(b)] = 27" < 5. Thus,

s—1 1

E,Bl,...,ﬂt,b [#{j 75 7 Qa € BN C(b)}|0¢l S C(b)] = ok < %

Hence, by Markov’s inequality:

Ps, ..., [3j # i such that a; € BN C(b)|a; € C(b)] <

DN =
—
Nej
=
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Now consider the second event. We have

[\

Egipn | D F(B?las €C)| = > P[BeCO)as € COIf(B)? <27y

BeSFNC(b) BeSy

IA
B[

Hence, by Markov’s inequality,

Ps, .50 Z f(3)? > 7|az eC)| <

BESFNC(b)

(10)

to\»—*

Thus, by applying the bound to Eq. (9) and ??, we have both the desired events happening with non-zero
probability over the choice of 8, ...,3; and b. Fixing this choice, we have

N ~ 2
Pow () = fodxa, @)+ 3 f@xs(a), where 30 f(8)* <"
BeSyNC(b) BeSNC(b)

But by Eq. (8), we also have Po ) f(7) = Eyeqr [xo(y) f(2 4 y)]. Thus, the value of the function P f(x) is
the average of a Boolean function over 2¢ points, hence it is (¢ — 1)-granular.
Now we consider the function

g@) = > fB)xsl).

BESFNC(b)
We have know that Eyezn [g(2)?] < HT then there exist xo € Z2 such that g(zg)? < HT hence g(zg) < %
Fixing this xo, we have Po)(20) = F(@i)Xa, (x0) + g(20), hence
| (i)l = |Pew) f(x0) — g(xo)-
Since Pep) f(x0) is (t — 1)-granular and |g(zo)| < %, we have f(oy) is %—close to [log s]-granular. O

Thus, if a Boolean function f : Z% — {—1,1} has its Fourier spectrum concentrated on s coefficients, then
it is close to an s-sparse, [log s|-granular real-valued function. The next theorem shows that this real-valued
function must be Boolean | , Theorem 6].

Theorem 2.16. Let f : Z — {—1,1} be u-close to s-sparse, where p <

w
.

50:z- Then there is an s-sparse

Boolean function F : Z%5 — {—1,1} within Hamming distance
Proof. By Theorem 2.15 and let k = [log s], each f(a;) for oy € By ={ai,...,q;} is %-close to k-granular.

So we write f(a;) as

flag) = (O‘z) + G(O‘z)

where F(a;) is k-granular and |G(oy)| < f For 8 € S, we set F(8) =0 and G(B) = f(B). Thus we have
f(z) = F(z) + G(z), and F is s-sparse and k-granular. While we have

A N2
=D Gl <s —+p’ =2
Q€LY

We will show that F' is Boolean and our claim follows. In this case, G’s value must be in {—2,0, 2}, so that
G(7)? = 4 whenever f(x) # F(z). So that

P, [f(r) # F(@)] = B, [0 = 4] = {E[G@)?] < &

We rewrite f2 =1 as:

1=f*=F24+2FG+G*=F*+G2f-G).
N———
H
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There must be 13\2(0) + H(0) = 1 and 1/*“\2(@) + H(a) = 0 for all & # 0. As we know that F is k-granular,
so F? is 2k-granular. Hence |F2(a)| is either an integer, or at least 272 > _d;-far from being an integer. If
|H(a)| < += holds, then we must have F2(0) = 1 and F?(a) = 0 for all o # 0. That is F? = 1 and so F is

Boolean.
Applying Cauchy-Schwartz and Parseval, we have

()| = |3 G(B)2 —Gla+8) < \/zéw)?\/szfG(aw)?
B B B

1 1 1
SHIGIlI2S = Gl < SLIGIEIA + IGI) < 2v20+ 2% < 5 < 1.

3 Testing Booleanity

3.1 Main results

We say function f : Z% — R is k-sparse if | supp( f)| < k. The following result tells us that a function with a
sparse Fourier expansion is either Boolean or far from Boolean | , Theorem 1.1].

Theorem 3.1. FEvery k-sparse function f is either Boolean or satisfies

Pl () ¢ {~1,1}] >

(k+2)*
where P[] denotes the uniform distribution over the domain of f.

We'll prove a more general result | , Theorem 1.2]:

Theorem 3.2. Let D C R be a set with d elements. Then for any k-sparse function f, either P,[f(z) € D] =1,
or satisfies
d

B.lf(x) # D] 2 o

In particular, for D = {—1,1} or any other set of size two, this theorem reduces to Theorem 3.1. An
immediate consequence of Theorem 3.1 is that there exists a non-adaptive algorithm with O(k?log(1/e))
queries for e-testing whether f is Boolean. Furthermore, any algorithm (adaptive or non-adaptive, even with
two-sided error allowed) must make at least Q(k) queries [ , Theorem 1.4].

Theorem 3.3. Let A be a randomized algorithm that, given k and oracle access to a k-sparse function f,
o returns true with probability at least 2/3 if f is Boolean, and
o returns false with probability at least 2/3 if f is not Boolean.

Then A has query complezity Q(k).

A natural extension is to consider the Fourier transform f of the function not constrained to have a support
set of size k, but instead to require that its entropy is log k. Unfortunately, these results do not generalize to
this relaxation. However, another augmentation is to consider the entropy of f * f , which in fact is at most
2log k, as this is a natural consequence of Proposition 3.5. We say f is e-close to Boolean if

1

(-1

TELY

This is simply the Lo distance of f2? from the constant function 1. In the following theorem, we test for
e-closeness to Booleanity | , Theorem 1.5].
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Theorem 3.4. Let H [Hj’{:;l\} < 2logk, and let ||f||> = 2". Then f is either e-close to Boolean, or satisfies

Palf(o) # {11 = @ (i )

3.2 Testing Booleanity with oracle access

We begin by proving the following fact, which relates the support of functions f and g with the support of
their convolution | , Proposition 3.4].

Proposition 3.5. Let f,g:7Z% — R. Then

supp(f * g) € supp(f) ® supp(g)-

Here, supp(f) @ supp(g) is the Minkowski sum, which is the set of elements of Z% that can be written as the
sum of an element in supp(f) and an element in supp(g).

Proof. Let x € supp(f *g). Then, by the definition of convolution, there exist y and z such that f(y) # 0 and
g(z) # 0 and x = y + 2. Hence x € supp(f) & supp(g). O

Proof of Theorem 3.2. Let D = {y1,...,ya}. Let

d

= H(f —Yi),

i=1
so that g(x) = 0 means f(z) € D. We now compute the Fourier transform g.
g=F—md) = (f—yad) = fD +aq_1 /Y + - +arf + aod,

for some coefficients (ag—1,...,aq). Therefore,
d
supp(§ U supp(f™) U {0}.

Let A = supp(f) U{0}. Then by Proposition 3.5 supp(f?) C id = A& --- & A, where the sum is taken i — 1
times. Since 0 € A, then for all i < d we have 1A C dA. Hence

supp(g) C dA.

Therefore, supp(g) is contained in the set of elements that can be written as the sum of at most d elements
of A. The size of this set is bounded by the number of ways to choose d elements of A with replacement,
disregarding order. Since |A| < [supp(f)|+ 1=k + 1, we have

_ d
sup(a) < (41714 < B0

Now, if P,[f(z) € D] = 1, then clearly ||g|| = 0. Otherwise, ||g|| > 0. We apply Theorem 2.2, which implies
that

| supp(g)| > _2nd

HPPAT = gy

Since the support of g is precisely the set {x € ZJ : f(x) & D}. Then it follows that
d!

BL(f(x) # D] 2 o
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Assuming oracle access to f, the algorithm samples f at random % (k + 2)?In(1/€) times and will find an
x such that f(z) ¢ {—1,1} with probability at least 1 — ¢, unless f is Boolean. We also show an (k) lower
bound using an indistinguishable case.

Proof of Theorem 3.3. Let A be an algorithm that is given oracle access to a function f : ZJ — R, together
with the guarantee that |supp(f)| < k. Denote by By the set of Boolean functions that depend only on
the first log k coordinates, and denote by C} the set of functions that likewise depend only on the first logk
coordinates, return values in {—1, 1} for some k — 1 of the k possible values of the first log k coordinates, but
return 2 otherwise. Note that functions in both By and Cj have sparsity at most k.

We prove the lower bound on the query complexity by showing that any randomized algorithm that makes
at most o(k) queries would not be able to distinguish between these two distributions with non-negligible
probability. Observe that an arbitrary query to f in either distribution would output a non-Boolean value with
probability at most 1/k, independently of previous queries with different values of the first log k coordinates.
Therefore, any algorithm that makes o(k) queries would find an input such that f(x) = 2 with probability
0(1), and thus would be unable to distinguish between By, and C}, with noticeable probability. O

3.3 Proof of Theorem 3.4
We begin by proving a proposition related to information entropy | , Proposition 3.5].

Proposition 3.6. Let X be a discrete random variable, and let zo be a value for which P[X = xzo] > 0. Then

H(X)

Proof. Let A be the indicator of the event X = x9. Then

H(X) > H(X|A)
= P[X = 20l H(X|X = x0) + P[X # 20l H(X|X # o)
= P[X # 2ol H(X|X # ).

O
Proof of Theorem 3.4. Assume that f is e-far from being Boolean. Using Parseval’s equation, we have
- 1 1 1
P22 = 212 = 5 DO f@)' =5 D (F@)? =1 +1> 1+ (11)
TELY TELY

Let X be a Z3-valued random variable, such that P[X = 2] = f@(2)2/||f®|]2. Since ||f]?2 = 2", then
f@(0) =1, and

P[X =0] = f(?(o)? < 1 .
1f/ @2 ~ e2+1

Let g = f2 — 1. Then g = f® — 4§, and §(0) = f*(0) — 1 = 0. We have P[X = z|X # 0] = g(z)?/||g]>.
Apply Proposition 3.6 and Eq. (11), we obtain

ngA]<H[ S
i) =" 17

By Theorem 2.4, it follows that | supp(f? —1)] - R2E+D/€ > 2" so that

1+ €2 1+ €2
LS <2 N gk

Palf(o) # {1131 =0 (s )
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4 Testing sparsity

4.1 Main results

We present an algorithm for testing whether a Boolean function f : Z% — {—1,1} is s-sparse | ]

Algorithm 1 Testing s-sparsity

Inputs: f, s, €.
2

1
1. Let i = min (\/22032> t = [2log s + log 100], T = ﬁ.

2. Choose a random permuted ¢-dimensional coset structure (H,C).

3. For each bucket C € C, estimate wt(C) = Z f(a)? to accuracy +7 with confidence 1 — using

acC

1
100 - 2t°
Proposition 2.7.

4. Let L be the set of buckets where the estimation is at least 27. If |[£]| > s + 1, reject.

We briefly explain the algorithm. Step 2 pairwisely independently hashes the Fourier spectrum of f into
©(s?) buckets. If f is s-sparse, then at most s buckets will have non-zero weight and pass the test. On the
other hand, if f passes this test with high probability, we show that almost all of the Fourier spectrum is
concentrated on at most s coefficients (one from each bucket). Theorem 2.16 tells us that f is close to a sparse
Boolean function. Our algorithm satisfies | , Theorem 8]:

Theorem 4.1. Algorithm 1 takes function f : Z5 — {=1,1}, s and € as inputs, satisfies the following
conditions while making O (Sel# + s log s ) nonadaptive queries.

(a) If [ is s-sparse, it passes with probability at least 2/3;

(b) If f is e-far from any s-sparse Boolean function, it passes with probability at most 1/3.

The query complexity of Theorem 4.1 arises from Proposition 2.7, where the number of buckets is 2t =

O(s?).
4.2 Proof of Theorem 4.1
Theorem 4.2. If f is s-sparse, then it passes with probability at least 0.9.

We begin with Theorem 4.1 (a). This result is straightforward. Since there are 2¢ buckets, and all of their
estimates in Step 2 are T-accurate, except with probability at most 1/100. So if these estimates are accurate,
the buckets in £ are at most s in number. So f passes the test with probability at least 0.9.

We partition the Fourier coefficient of f into two sets: By os big coeflicients and Sy of small coeflicients.

By ={a: f(a)>37}, C;={a:fla)<3r}.
We claim that if there are too many big coefficients, f will probably be rejected [ , Lemma 2].

Lemma 4.3. If |By| > s + 1, then the test rejects with probability at least 3/4.

Proof. By Proposition 2.10(c), after Step 2, except with probability at most 1/100, there are at least s + 1
buckets containing an element of set By. Assume we have accurate estimate, then |£| will be at least s + 1.
Hence, the reject probability is at least 1 — 2/100. O

Next, we show that if the weights on S; are large enough, f will also be probably rejected | ,
Lemma 3.

Lemma 4.4. If wt(Sy) > p?, then the test rejects with probability at least 3/4.
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Proof. For each bucket C(b), we define a random variable M, = wt(C(b) N Sy) = Zaesf f(a)? - In_p. We say
a bucket C(b) is good if M, > $E [M,)], while we have

E [M,] = 27" wt(Sy) > 1007 > 0.
By pairwise independence, we have
ArN2 ArN2 2
Var[My] = > Var {f(oz) ~Ia_>b] <Y E [(f(a) -I(H,,) }
OéGSf DtGSf

<3r- Y E {f(a)2~Ia_>b} = 3rE[My).
a€S;

By Chebyshev’s inequality, we have

3T 3

1
P |10 < 300 = g <

IN

Thus, the expected fraction of bad buckets is at most 3/25. By Markov’s inequality, there are at most (3/5)2¢
bad buckets except with probability at most 1/5. However, if there are at least (2/5)2¢ > 40s? > s + 1 good
buckets with wt(C(b) N Sy) > LE[M,] > 507, the test will reject. Thus, we reject except with probability at
most 1/5+1/100 < 1/4. O

Finally, we establish Theorem 4.1(b) | , Lemma 4].

Theorem 4.5. Suppose the test accepts f with probability exceeding 1/4. Then f is e-close to an s-sparse
Boolean function.

Proof. By Lemma 4.3, we have |By| < s, and by Lemma 4.4, we have wt(Sy) < p?. Thus f is u-close to being
s-sparse. We now apply Theorem 2.16 and p < ﬁ to conclude that f must be close in Hamming distance
to an s-sparse Boolean function. O
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